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Abstract. We show that there are Turing complete computably enumerable 
sets of arbitrarily low non-trivial initial segment prefix-free complexity. In 
particular, given any computably enumerable set A with non-trivial prefix- 
free initial segment complexity, there exists a Turing complete computably 
enumerable set B with complexity strictly less than the complexity of A. On 
the other hand it is known that sets with trivial initial segment prefix-free 
complexity are not Turing complete. 

Moreover we give a generalization of this result for any finite collection of 
computably enumerable sets Ai,i < k with non-trivial initial segment prefix- 
free complexity. An application of this gives a negative answer to a question 
from |DH1 0, Section 11.12] and IMS07| which asked for minimal pairs in the 
structure of the c.e. reals ordered by their initial segment prefix- free complexity. 

Further consequences concern various notions of degrees of randomness. 
For example, the Solovay degrees and the i<"-degrees of computably enumerable 
reals and computably enumerable sets are not elementarily equivalent. Also, 
the degrees of randomness based on plain and prefix-free complexity are not 
elementarily equivalent; the same holds for their A§ and substructures. 



1. Introduction 

The interplay between the information that can be coded into an infinite binary 
sequence and its initial segment complexity has been the subject of a lot of research 
in the last ten years. A rather influential result from DHNS03 that spawned 
a renewed interest in this area was that sequences with very easily describablc 
initial segments cannot compute the halting problem. Moreover the method that 
was used to establish it, often referred to as the decanter method, was novel and 
inspired much of the deeper work in this area. We show that although a universal 
computably enumerable set does not have trivial initial segment complexity, it can 
have arbitrarily low non-trivial initial segment complexity. Moreover our method 
is dual to the decanter method and in this sense the present paper can be seen as 
a missing companion to [DHNS03] . 

We start with a brief overview of Kolmogorov complexity in Section 11.11 and 
measures of relative randomness in Section 11.21 with a special attention to the 
topics around our results. In Section 11.31 we discuss the class of sequences with 
trivial initial segment complexity along with the motivation of our results, which 
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are presented in Section 11.41 A number of applications are given in Section 11.51 
and Section 11.61 discusses connections of the present work with research on other 
reducibilities that are related to Kolmogorov complexity. In Section [5] we introduce 
the main technical tools that are required for the proofs of our results and Sections 
[3] and [4] contain the proofs of the two main results respectively. 

1.1. Kolmogorov complexity and randomness. A standard measure of the 
complexity of a finite string was introduced by Kolmogorov in |Kol65j . The basic 
idea behind this approach is that simple strings have short descriptions relative 
to their length while complex or random strings are hard to describe concisely. 
Kolmogorov formalized this idea using the theory of computation. In this context, 
Turing machines play the role of our idealized computing devices, and we assume 
that there are Turing machines capable of simulating any mechanical process which 
proceeds in a precisely defined and algorithmic manner. Programs can be identified 
with binary strings. A string r is said to be a description of a string a with respect 
to a Turing machine M if this machine halts when given program r and outputs 
a. Then the Kolmogorov complexity of a with respect to M (denoted by Cm(ct)) 
is the length of its shortest description with respect to M. It can be shown that 
there exists an optimal prefix-free machine V, i.e. a machine which gives optimal 
complexity for all strings, up to a certain constant number of bits. This means that 
for each Turing machine M there exists a constant c such that CV(cr) < Cm(o~) +c 
for all finite strings er. 

When we come to consider randomness for infinite strings, it becomes important 
to consider machines whose domain satisfies a certain condition; the machine M 
is called prefix-free if it has prefix-free domain (which means that no program for 
which the machine halts and gives output is an initial segment of another). The 
complexity of a string a with respect to a prefix-free machine M is denoted by 
Km(o~)- As with the case of plain Turing machines, there exists an optimal prefix- 
free machine U. This means that for each prefix-free machine M there exists a 
constant c such that Kjj(a) < Km(o~) + c for all finite strings a. 

According to the above discussion, both in the case of plain or prefix-free Tur- 
ing machines the choice of the underlying optimal machine does not change the 
complexity distribution significantly. Hence the theories of plain and prefix-free 
complexity can be developed without loss of generality, based on fixed underlying 
optimal plain and prefix- free machines V, U . We let C = Cy and K = Kjj. 

In order to define randomness for infinite sequences, we consider the complexity 
of all finite initial segments. A finite string a is said to be c-incompressible if K(o~) > 
\a\ — c. Levin |Lev73j and Chaitin [Cha75] defined an infinite binary sequence X 
to be random if there exists some constant c such that all of its initial segments are 
c-incompressible. By identifying subsets of N with their characteristic sequence we 
can also talk about randomness of sets of numbers. This definition of randomness 
of infinite sequences is independent of the choice of underlying optimal prefix-free 
machine, and coincides with other definitions of randomness like the definition given 
by Martin-L6f in iML66] . The coincidence of the randomness notions resulting from 
various different approaches may be seen as evidence of a robust and natural theory. 

1.2. Measures of relative randomness. Once a solid definition of initial seg- 
ment complexity and randomness is in place, it is often desirable to have a way to 
compare two infinite binary sequences in this respect. One of the early measures of 
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relative initial segment complexity was developed by Solovay in |Sol75j especially 
for the computably enumerable (c.e.) reals. These are binary expansions of the real 
numbers in the unit interval which are limits of increasing computable sequences 
of rationals. The Solovay reducibility gave a formal way to compare c.e. reals with 
respect to the difficulty of getting good approximations to them. Solovay showed 
in |Sol75] that the induced degree structure has a complete element which con- 
tains exactly the random c.e. reals. The Solovay degrees of c.e. reals where further 
studied in [DHN021 IDHL07] (see [D H101 Sec tion 9.5] for an overview). 

Downey, Hirschfeld and LaForte |DHL04] introduced and studied a number of 
other measures of relative initial segment complexity that are not restricted to the 
c.e. reals. Most of them are extensions of the Solovay measure of relative complexity 
For example, they defined A <k B if 3cin (K(A \ n ) < K(B \ n ) + c); in other 
words, if the prefix- free complexity of each initial segment of A is bounded by the 
prefix-free complexity of the corresponding initial segment of B, modulo a constant. 
This reducibility, already implicit in |Sol75j . is a proper extension of the Solovay 
reducibility on the c.e. reals and was further studied in |YDD04[ IMY08[ IMYlOj 
with a special attention to random sequences and in [CM06, MS07, BVlT], |Barll[ 
Section 5] with more focus on local properties. A lot of these results refer to the 
degree structure that is induced by <Ki the if-degrees. A version of <k for plain 
Kolmogorov complexity was also defined in [DHL04] . which induces the structure 
of the C-degrees. In particular, A <c B if 3(Nn {C{A \ n ) < C{B \ n ) + d). 

1.3. Trivial initial segment complexity and Turing degrees. A string a that 
has prefix-free complexity as low as the prefix-free complexity of the sequence of Os 
of the same length may be regarded as trivial. Indeed, if we consider the prefix-free 
complexity of a string as a measure of the information that is coded in the string, 
in this case there is no information coded in the bits of the sequence. The infinite 
sequences whose initial segments have trivial prefix-free complexity are known as 
the if-trivial sequences. Formally, X is i^-trivial if 3cVn (K (A \ n ) < K(n) + c), 
where we may identify K(n) with K(0 n ). Surprisingly, there are noncomputablc 
if-trivial sequences and this was already proved in [Sol75j . Note that the i^-trivial 
sequences are the contents of the least element in the if-degrees that were discussed 
in Section [I~2"1 

An interesting question that motivated a lot of later research was the following. 

q How much information can be encoded in an infinite binary 

sequence with very simple initial segments? 

In particular, is it possible to encode a Turing complete problem into a X-trivial 
sequence. A particularly simple construction of a noncomputable i-T-trivial c.e. set 
that was presented in DHNS03 made this possibility plausible. However in the 
same paper it was shown that this is not the case. In particular, if an oracle A 
computes the halting problem then for each constant c there are initial segments 
a of A such that K(a) > K{\a\) + c. The proof of this result was quite novel, and 
along with its extensions it became known as the decanter method. Hirschfeldt and 
Nies extended this method in |Nie05| and showed that the amount of information 
that can be coded into X-trivial sequences is in fact quite limited. Quite interest- 
ingly, they also showed that if-triviality is downward closed with respect to Turing 
reductions. We refer to |DH10[ Section 11.4] and |Nie09[ Section 5] for detailed 
presentations of the decanter method. 
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1.4. Motivation and results. In this paper we revisit question (|1.1[) by examining 
the possibility of coding considerable information in an infinite sequence with initial 
segments of very low but not necessarily trivial prefix-free complexity. We initially 
focus in the special case of c.e. sets, where Turing completeness provides a notion 
of maximality of information that can be coded. Hence we may ask the following 
question. 



How can we qualify the notion of 'low initial segment complexity' in question 
(|1.2p ? Note that modulo an additive constant, K(n) is a lower bound on the 
complexity of the first n bits of any infinite sequence. Since the if-trivial sequences 
are ruled out by the result in |DHNS03] , we turn our attention to sequences whose 
initial segment prefix-free complexity may deviate from the lower bound K(n) but 
is still quite low. One way we could try to make this lowness condition precise is 
to look among sequences A such that K(A \ n ) — K(n) is bounded by a very slow 
growing function g, as it is shown in (jl.3l) . 



The notion of 'slow growing' may be quantified through the arithmetical hierarchy of 
complexity. For example there are A§ unbounded nondecreasing functions that are 
dominated by all A° functions with the same properties. In this sense, as the rate of 
growth of a function is reduced (but remains nontrivial) the arithmetical complexity 
of it increases. Let us first consider nondecreasing functions g. In [BMNllj BB10 
it was shown that if g is nondecreasing, unbounded and A° then there is a large 
uncountable collection of oracles A that satisfy (|1.3|) . Hence a class that includes 
functions with these properties is not sufficiently restrictive for our purpose and we 
need to look in higher complexity classes. On the other hand in |CM06[ IBBlOj it 
was shown that there are nondecreasing unbounded functions g in A3 such that 
any set A that satisfies (| 1 . 3|) is if-trivial. Moreover allowing functions that may 
decrease occasionally introduces similar problems. For example, it was shown in 
[BV11| Section 5] that there is a A° function g such that lim„ g(n) — 00 and any 
c.e. set which satisfies (|1.3[) is if-trivial. Hence condition (|1.3p in combination with 
standard ways to quantify the rate of growth of the function g is not a fruitful way 
to formalize the notion of 'low nontrivial initial segment complexity'. 

Another approach is to compare the initial segment complexity of a c.e. set with 
the complexity of other sets. Although this would not give us an absolute notion 
of low nontrivial complexity, an answer of the type 'lower than the complexity of 
any sequence with nontrivial complexity' to the question (|1.2[) would be definitive. 
The existence of minimal i^-degrees is an open problem, but since this question 
refers to c.e. sets, such a strong positive answer is still not possible. Indeed, it was 
shown in jBVllj that there is a A° set B which is not i^-trivial but every c.e. set 
with A <k B is Jf-trivial. In other words the initial segment complexity of B does 
not bound the complexity of any c.e. set with nontrivial initial segment complexity. 
This shows that the comparison needs to involve the complexities of c.e. sets and 
not arbitrary sequences. In this sense, the best possible answer to question (II. 2|) 
would be the existence of Turing complete c.e. sets with initial segment complexity 
strictly lower than the complexity of any given c.e. set that is not X-trivial. Our 
first result establishes exactly this. 



(1.2) 



How low can be the initial segment prefix-free complexity 
of a Turing complete computably enumerable set? 



(1.3) 



BcVn (K(A \ n )<K(n) + g(n) + c) 
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Theorem 1.1. Let A be a computably enumerable set which is not K -trivial. Then 
there exists a computably enumerable set B such that B =t 0' and B <k A. 

The proof of Theorem 11.11 involves a very sparse coding of compete information, 
which produces a sequence with very simple initial segments, in the sense of the 
prefix-free complexity. A crucial part of the argument is the exploitation of the fact 
that the given set is c.e. and has nontrivial initial segment prefix-free complexity. In 
this sense Theorem ll.ll is dual to the main result of [DHNS03 that i^-trivial sets are 
incomplete. More generally, the decanter method that was developed in [DHNS03 
is a tool for exploiting the lack of complexity of a set in order to deduce additional 
properties. The method used in the proof of Theorem 11.11 is a tool for exploiting 
the complexity of a sequence (in combination with an effective approximation to 
it) in order to absorb the complexity of a coding procedure. In this sense the two 
methods are dual. 

It is instructive to compare Theorem 11.11 with condition (jl.3[) . If we wish to 
express our result in these terms we can set g(n) = K(A \ n ) — K(n). We note 
that g(n) will be occasionally decreasing. In fact, it is well known that for every 
c.e. set A the lim'mi(K (A \ n ) — K(n)) is finite. In other words, c.e. sets are 
infinitely often if-trivial (see |BV111 Section 2] for a proof and a general discussion 
about infinitely often if-trivial sets). This observation gives some idea about the 
challenges of implementing the coding that is required in Theorem 11.11 as well as 
the qualification of the idea of 'low initial segment complexity' for c.e. sets. 

Our second result is a generalization of Theorem ll.ll to any finite collection of c.e. 
sets with nontrivial initial segment prefix-free complexity. We state it and prove it 
for the special case of two c.e. sets since the more general version may be obtained 
trivially and effectively by an iterated application. 

Theorem 1.2. Let A, D be computably enumerable sets which are not K -trivial. 
Then there exists a computably enumerable set B such that B <k A, B <k D and 
B = T 0'. 

This extension has several applications that are discussed in Section 11.51 including 
the solution to an open question from [DH101 Section 11.12]. Moreover its proof 
goes considerably beyond a routine adaptation of the special case established in 
Theorem 11.11 As we elaborate in Section 14.21 the main obstacle is the lack of 
uniformity in the complexities of the given c.e. sets. This can be better understood 
if we recall that if-trivial sets are infinitely often ^-trivial. In particular, as we 
discuss in Section 11.51 Theorem 11.21 shows that if two c.e. sets A, D are not K- 
trivial their initial segment complexity must rise simultaneously on some lengths. 
Hence despite the potential lack of uniformity in the oscilations of the complexity 
of two c.e. sets, there must be some uniformity on a local level i.e. places where the 
complexities K(A \ n ),K(D \ n ) deviate from K(n) simultaneously. 

1.5. Applications. The first application concerns various local structures of the 
if-degrees. The existence of minimal pairs of Jf-degrees was established in |CM06j . 
where two A° sets forming a minimal pair in this structure were constructed. In 
MS07 a minimal pair of E° sets was presented and in |BV111 Section 3] it was 
shown that there is a S!] set that forms a minimal pair with all E° sets in the 
if-degrees. Theorem 11.21 is equivalent to saying that there are no minimal pairs 
in the if-degrees of c.e. sets. In particular, there is no pair of sets that form 
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a minimal pair of iT-degrees. This complements the existence results for minimal 
pairs in the iT-degrees. 

Downey and Hirschfeldt [DH10, Section 11.12] as well as Merkle and Stephan 
MS07 asked if there is a pair of c.e. reals that form a minimal pair in the K- 
degrees. This question is particularly interesting since <k is often introduced as a 
generalization of the Solovay reducibility, which is the standard measure of relative 
randomness on the class of c.e. reals. We show that Theorem 11.21 answers this 
question in the negative. We need the following fact. 

Lemma 1.3. If A is a c.e. real such that <k A then there exists a c.e. set B 
with < K B < K A. 

Proof. Since A is a c.e. real, it has a computable approximation (A[s]) according 
to which if A(n)[s] = 1 and A(n)[s + 1] = then there is some i < n such that 
A(i)[s] = and A(i)[s + 1] = 1. A canonical encoding of the approximation (A[s]) 
into a c.e. set B can be achieved based on the fact that for each n the value of 
A(n)[s] can only change at most 2™ times during the stages s. The first bit of B 
encodes the oscillations to A(0), the next 2 bits encode A(l), the next 2 2 bits encode 
A(2) and so on. In particular if A(k) is encoded in the bits (m, m + 2 fe ] of B, upon 
each change in A(fc)[s] during the stages s we enumerate into B the largest element 
of (to, to + 2 k ] that is not yet in B. In this way we have A =t B and B <t A 
through a Turing reduction that uses at most n bits of A in the computation of n 
bits of B. Since if-triviality is a degree-theoretic property we have <k B and by 
the basic properties of <k on the c.e. reals we also have B <k A. □ 

By Theorem 11.21 and Lemma ITT31 we get the desired result about minimal pairs. 

Corollary 1.4. There are no minimal pairs in the K-degrees of c.e. reals. 

The separation of Solovay reducibility from <k on the c.e. reals was already 
achieved in [DHL04] . where a pair of c.e. reals A, B was constructed such that 
A <k B but A is not Solovay reducible to B. However these examples are artificial 
since they were obtained via diagonalization. A more natural separation would 
be obtained by an elementary difference in the corresponding degree structures of 
c.e. reals. This is provided by the existence of minimal pairs which occurs in the 
Solovay degrees of c.e. reals by [DH L04] but not in the if-degrees of c.e. reals by 
Corollary QT4] The same holds for c.e. sets according to Theorem II .21 

Corollary 1.5. The structures of the Solovay degrees and the K-degrees of com- 
putably enumerable reals are not elementarily equivalent. Moreover the same holds 
for the Solovay degrees and the K-degrees of computably enumerable sets. 

Merkle and Stephan showed in [MS07] that there exist two c.e. sets that from a 
minimal pair with respect to <c- Hence Corollary 11.41 also provides an elementary 
difference between the C-degrees and the -fT-degrees as well as the local A° and 
degree structures. 

Corollary 1.6. The structures of the C-degrees and the K-degrees are not ele- 
mentarily equivalent. Moreover the same holds for the corresponding A!] and 
substructures. 

It would be interesting to find elementary differences between the -fT-degrees of 
c.e. reals and the ivT-degrees of c.e. sets. This was done in |Bar05] for the Solovay 
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degrees by showing that there are no maximal elements in the Solovay degrees of 
c.e. sets. We do not know the answer to the following question. 

Are there maximal elements in the A-degrees of c.e. sets? 

A related question would be if there is a complete degree in the A-degrees of c.e. 
sets. 

A final application of Theorem 11.21 concerns the following question. 
. Is there a pair of sequences X, Y which arc not A-trivial but 

^ ' ' mm{K(X \ n ),K(Y \ n )} — K(n) has a constant upper bound? 

Theorem 11.21 in combination with Lemma 11.31 answers (|1.4|) in the negative in the 
case where X, Y are required to be computably enumerable reals. 

Corollary 1.7. Suppose that Ai, i < k is a finite collection of computably enumer- 
able reals and each of them is not K -trivial. Then for all c there exists n such that 
K(Ai \ n ) > K(n) + c for all i < k. 

We do not know the answer of (|1.4I) in general. 

1.6. Related work on weak reducibilities. A method for exploiting the power 
of an oracle to achieve better compression of programs (along with a computable 
approximation to it) has been used in the study of another reducibility that is 
related to randomness and is called <lk ■ We say that X <lk Y if 3cVcr (K Y (a) < 
K x (a) + c). In other words X <lk Y formalizes the notion that Y can achieve 
an overall compression of the strings that is at least as good as the compression 
achieved by X. Moreover by [KHMS12] it coincides with X <lr Y which denotes 
the relation that every random sequence relative to Y is also random relative to 
X. The degree structure that is induced by A <lk Y has a least element that 
turns out to contain exactly the if -trivial sequences. In jBM09j an argument was 
used that exploits the compression power of nontrivial c.e. sets in the study of the 
structure of c.e. sets under <lk- A similar argument was used in [BarlObj in order 
to show that every A° set with nontrivial compression power has uncountably many 
predecessors with respect to <lk- In BarlOa this approach was further developed 
in order to exhibit elementary differences between various local structures of the 
LK degrees and the Turing degrees. We note that the arguments in these references 
work explicitly with <lr but can alternatively be implemented with the equivalent 

<LK- 

However there are some differences between <k and <lk, the most important 
being that in <lk we usually work with oracle computations while in <k we 
only work with descriptions. It is quite remarkable that the triviality notion with 
respect to <k coincides with the triviality notion with respect to <lk- A soon 
as we consider sequences of non-zero A-degrees or AA'-degrees, the study of the 
two structures becomes less uniform. For example, it is instructive to compare the 
arguments about the non-existence of minimal pairs of A"-degrees in this paper with 
the corresponding arguments in [BarlOaj that refer to the LK degrees. 

2. Preliminaries 

The main tool in the proof of these theorems is a method of coding information 
into a set B that is constructed, while keeping its initial segment complexity below 
the complexity of a given c.e. set A that is not A-trivial. It is a method for 
exploiting the fact that a given set has a computable enumeration and non-trivial 
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initial segment complexity, for the purpose of coding. In particular, it allows to 
meet the conflicting requirements 0' <t B and B <k A. 

2.1. Prefix-free machines. For B <k A we need to build a prefix-free machine 
that witnesses the relation of the two complexities. Let U be the optimal prefix- 
free machine which underlies the prefix- free complexity K. Hence K = Kjj. This 
machine is optimal in the sense that given any other prefix-free oracle machine M 
there is a constant c such that K(a) < Km{o~) + c for all strings a. The weight of 
a prefix-free set S of strings, denoted wgt(S), is defined to be the sum J2aes 2~' <J '- 
The weight of a prefix-free machine M is defined to be the weight of its domain and 
is denoted wgt(M). Without loss of generality we assume that wgt({7) < 2~ 2 . 

Prefix-free machines are most often built in terms of request sets. A request set 
L is a set of tuples (p, £) where p is a string and £ is a positive integer. A 'request' 
(p, I) represents the intention of describing p with a string of length I. We define 
the weight of the request (p,£) to be 2 . We say that L is a bounded request set if 
the sum of the weights of the requests in L is less than 1. This sum is the weight 
of the request set L and is denoted by wgt(Z). The Kraft-Chaitin theorem (see e.g. 
DH10, Section 2.6]) says that for every bounded request set L which is c.e., there 
exists a prefix-free machine M such that for each (p, £) G L there exists a string r 
of length £ such that M(t) = p. We freely use this method of construction without 
explicit reference to the Kraft-Chaitin theorem. A real number < r < 1 is called 
computably enumerable (c.e.) if it is the limit of a non-decreasing computable 
sequence of rational numbers. The binary strings are ordered first by length and 
then lexicographically. 

2.2. Coding. The coding of 0' into B will be implemented through a system of 
movable markers m n , n G N, where m n represents the -B-code of the possible enu- 
meration of n into 0'. The movement of the markers as well as the computable 
enumeration of B will take place in the stages of the enumeration of 0'. In partic- 
ular the value of m n at stage s is denoted by m n [s]. It is possible that m„[s] is 
undefined (in symbols, m n [s] f) f° r some n, s G N. The movement of the markers 
satisfies the following standard properties: 

(i) Monotonicity on stages: if m„[s] 4-j m n [s + 1] 4- then m„[s] < m n [s + 1]; 

(ii) Monotonicity on indices: if m n [s] 4.,m„+i[s] 4- then m n [s] < m n+ i[s\] 

(iii) Consistency: if m„ [s] 4, m n [t] J,, ?ti„[s] ^ m n [t] and s < t, then m ra [s] G B; 

(iv) Convergence: Vn 3t, k Vs (s > t =>• m„[s] 1= fc); 

(v) Coding: Vn (n G 0' m n G B) where m n — lim s m n [s\. 

Given a system of markers (m n ) with the above properties, we can compute 0' 
given B as follows. In order to decide if n G 0' it suffices to use B to compute 
m n = lim s m n [s] and then ask about the membership of m n in B. 

The essence of the method lies on the specific rules that determine the movement 
of the markers m,. Intuitively, in order to maintain B <k A the markers are forced 
to move many times. Their convergence is a consequence of the failure to construct a 
machine demonstrating that A is i£f-trivial. Section[3]contains the formal argument. 

It turns out that this type of sparse coding may be 'permitted' by any finite 
number of given c.e. sets that are not i^-trivial. In particular, with some additional 
effort we can do the same coding into B while keeping its initial segment complexity 
below any two given c.e. sets A, C that are not if-trivial. Section 0] is devoted to 
the proof of this generalized result. 
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3. Proof of Theorem 11.11 

Let A be a computably enumerable set which is not X-trivial. For the proof 
of Theorem 11.11 it suffices to construct a computably enumerable set B such that 
B =t 0' and B <k A. This follows from the fact that the c.e. if-degrees are 
downward dense, i.e. for each c.e. set X such that <k X there exists a c.e. set Y 
sue that <k Y <k X; see |Barlll Section 5]. 

In order to make B Turing complete we will use a system of markers (rrii) as we 
discussed in Section [521 I n order to establish B <k A it suffices to construct a 
prefix-free machine M such that 

(3.1) K M (B t») < K(A U) for all n 

where Km denotes the prefix-free complexity relative to machine M. Recall that K 
denotes the prefix-free complexity relative to a fixed universal prefix-free machine 
U. Without loss of generality we may assume that wgt(f) < 2~ 2 . For each marker 
rrii we enumerate a prefix-free machine N% during the construction. The purpose of 
Nt is to achieve Vn (Kn^A \ n ) < K[n) + Cj) for some constant a. Since A is not 
if-trivial, this will ultimately fail. However this failure will help demonstrate that 
rrii converges. The value of Ci may increase during the construction. This happens 
each time some mj, j < i moves. Such an event is often described as an 'injury' 
of rrii. In particular, if at some stage s marker moves while rrij, j < k remain 
constant this causes rrii, i > k to be injured, which has the following consequences: 

• rrii, i > k become undefined 

• the values Ci,i > k increase by 1 . 

Each marker will only be injured finitely many times. We let Ci[s] denote the value 
of Ci at stage s. 

At each stage s let U[s] be the least number t such that K^^A \t)[s] > K(t)[s] + 
Ci [s] . Each marker rrii has the incentive to move at some stage s + 1 if it observes 
a set of descriptions of segments of A[s] that are longer than its current position, 
of sufficient weight. This weight is determined by the threshold %[s] and is set to 
2-if(t;)[s]-c;[s]_ rj-^ mar ]j er m . re q U j res attention at stage s + 1 if rrii[s] is defined, 
rrii[s] £ A[s] and one of the following occurs: 

(a) i e 0'[s + l]; 

(b) E„ llW<J < s 2-^ww> 9l W; 

For each % e N we set c«[0] = i + 3. At each stage s + 1 the machines JVj will be 
adjusted according to changes of K{n) for n < ti[s]. This is done by running the 
following subroutine. 

For each i < s and each n < U[s], if K{n)\s + 1] < X(n)[s] 

(3.2) then enumerate an TVi-description of A[s] \ n of length 
K(n)[s + 1} + Ci[s}. 

A large number at stage s + 1 is one that is larger than any number that has been 
the value of any parameter in the construction up to stage s. 

3.1. Construction of B,M,Ni. At stage place mo on 0. At stage s + 1 run 
(|3.2[) . If none of the currently defined markers requires attention, let k be the 
largest number with mfe[s] J., let n be the least number < s such that Km{B \ n 
)[s] > K(A \ n )[a] and 

• place rrik+i on the least large number; 
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• enumerate an M-description of B[s] \ n of length K(A \ n )[s]. 

Otherwise let n be the least number such that m n requires attention, put m„[s] 
into B, let m n [s + 1] be a large number and for each k < s such that k > m n [s] 
and Km{B \k)[s] < K(A \k)[s) enumerate an M-description of B[s] \k of length 
K (A \k)[s\- Moreover declare irii[s + 1], i > n undefined, set Cj[s + 1] = Cj[s] + 1 
for each j > n and if (b) applies, enumerate an A^-description of A |+ [s] of length 
K(tA[s}. 

3.2. Verification. When rrii is first defined at some stage s it takes a large value so 
t i [s] < rrii [s] . Moreover ti can only increase when Ni computations are enumerated 
on strings of length ti, which happens only when rrii moves. Hence by induction 
we have (|3.3p . 

(3.3) For all i, s, if m^[s] is defined then ti[s] < rrii[s]. 

If K{n) decreases at some stage s + 1 for some n < ti[s], subroutine (|3.2[) will ensure 
that Kn^A \ n )[s + {) < K(n)[s + 1]+Ci[s + 1]. Hence U may only decrease at s + 1 
if A[s + 1] tti[ s ]^ A[s] \u[s], which implies (l3~t]) . 

(3.4) If A[s] \ U[S ]= A[s + 1] \ u[s] then U[s] < U[s + 1]. 

The enumeration of descriptions into Ni occurs with overhead in the sense that 
at stage s any description of a string of length n that is defined in Ni has length 
K(n)[s] +Ci[s\. This implies (|3~5| . 

, , At any stage s the weight of the TV^-descriptions that 

^ ' ' describe initial segments of A[s] is less than 2~ Ci [ s l. 

For each i there is a machine Ni as prescribed in the construction. 

Lemma 3.1. For each i the weight of the requests in Ni is bounded. 

Proof. The weight of the requests that are enumerated in Ni by subroutine (|3.2p 
is bounded by the weight of the domain of U, which is at most 2~ 2 . Every time 
request is enumerated into Ni due to marker mi requiring attention at some stage 
s + 1 , the marker moves to a large value and the weight of the request is q t [s] < 
Y, mt {s]<3<s 2 ~ K{Ab)[s] - Hence b y induction the weight of the requests that are 
enumerated in Ni in this way is also bounded by the weight of the domain of U. 
Hence wgt(A^) < 2~ 2 + 2~ 2 = 2" 1 . □ 

Each description that is enumerated in M corresponds to a unique description 
in the domain of the universal machine U of the same length. Indeed, when the 
construction requests M to describe some B[s] \ x at stage s + 1, this is in order to 
achieve Km{B \ x )[s] < K(A \ x )[s]. Hence the new description in M corresponds 
to the (least) shortest description in U of A \ x [s] . This correspondence is not one- 
to-one. Since the approximation to B changes in the course of the construction, 
different descriptions enumerated in M may correspond to the same description in 
the domain of U. If a ^-description a corresponds to n distinct M-descriptions we 
say that a is used n times. 

Let So be the domain of U and for each k > let Sk contain the descriptions in 
the domain of U which are used at least k times. Note that Si+i C Si for each i. 
According to the correspondence between the domains of U, M a string a in the 
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So 



l. Infinite nested decanter model. 



domain of U that is used k times incurs weight k ■ 2 to the domain of M, Hence 

(3.6) wgt(M) < * • wgt(S fe ). 

fe 

A [/-description is called active at stage s if J7(cr)[s] C A[s]. By the construction, 
all descriptions that enter Si at some stage s are currently active. More generally, 
only currently active strings may move from Sk to Sk+i at any given stage. 

The sets Sk may be visualized as the nested containers of the infinite decanter 
model of Figure [TJ As the figure indicates, descriptions may move from Sk to Sk+i 
but they also remain in Sk ■ If at some stage a marker rrii moves (while rrij , j < i 
remain stable) some strings move from Sk to Sk+i for various k G N (i.e. they are 
used one more time). In this case we say that these strings where reused by m,-. In 
order to calculate a suitable upper bound for each wgt(Sfc) we need (|3.7p . 

If during the interval of stages [s,r] a marker m n is not injured 

(3.7) and n 0'[r] then the weight of the strings that m n reuses during 
this interval which remain active at stage r is at most 2 _Cn W. 

Indeed, by clause (b) each time m„ reuses some [/-descriptions at some stage x+1, 
the weight of these descriptions is at most g n [a;]. Moreover when such an event 
happens, a string of weight q n [x] is used to describe A \ ti [x] via N n . By (|3.3|) 
if at least one of the descriptions in U that m n repaid at some stage x 6 [s, r] 
continues to be active at stage r, then A[x] \t n [ s ]= A[r] \t n [ s ]- Hence by (|3.4|) we 
get that t n [y] > t n [x] for all y e [x,r]. So during the stages in [x,r] the weight of 
the descriptions in U that m n repaid and remain active at stage r is bounded by 
the weight of the descriptions in N n that describe segments of A[r]. By (|3.5|) this 
is at most 2~ c ™[ s l. This concludes the proof of (|3.7[) . 

Lemma 3.2. The weight of the requests that are enumerated in M is finite. 

Proof. Since only strings in the domain of U are used, wgt(Si) < 2 -2 and wgt(S > 2) < 
2~ 2 . Let k > 1. Every entry of a string into Sk+i is due to a marker m x which reused 
it when it was already in Sk- Since k > 1, this string entered Sk due to another 
marker m y with y > x > 0. Inductively, that string entered S\ due to a marker m z 
with z > k — 1. Fix z, let contain the strings in Sk that entered Si due to marker 
Jii; and let (s.^) be the increasing sequence of stages where m z is injured. Note that 
at this point we do not assume that (sj) is a finite. Since the movement of a marker 
rrii injures all rrij,j > i, the only stages where strings move from 5^ to Sk+i are the 
(sj). Moreover since only active strings move from S% to Sk+i at stage Sj, according 
to (|3.7p their weight is bounded by 2~ Cz ^ Si ~ 1 ^. So the weight of the strings that enter 
Sk+i from is bounded by ^ 2 _Cz [ Sj_1 l. Since c x [sj+i — 1] = c,[sj] < c z [sj — 1] 
for all j, this weight is bounded by £V 2- c -[°l^' = 2- c »[°] +1 . Since c z [0] = z + 3 
this bound becomes 2 _z_2 . Since S'fe = U z >k-iSf; the total weight of the strings 
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that enter S k +i from S k is bounded by J2z>k-i 2 ~ z ~ 2 = 2 ~ k ■ Therefore by IpTSjt 
the weight of M is finite. □ 

By Lemma 13.21 the machine M prescribed in the construction exists and (|3.1| is 
met. We conclude with the proof that 0' <t B. The proof of the following Lemma 
uses the fact that each N% is a prefix-free machine, which was established in Lemma 

ED 

Lemma 3.3. Each marker rm is injured only finitely many times and it reaches a 
limit. 

Proof. Assume that this holds for all i < k. Then mfc stops being injured after 
some stage sq. Hence c k reaches a limit at sq- Since A is not if -trivial there is some 
least n such that Kjq k {A \ n ) > K(n) + Ck ■ If si is a stage where the approximations 
to A \ n and K(i), i < n have settled then the approximations to tk, also reach 
a limit by this stage. If marker moved after stage s\ the construction would 
enumerate an iV^-description of A \ n of length K(n) + Cfc[so] which contradicts the 
choice of n. Hence rrik reaches a limit by stage s\ and this concludes the induction 
step. □ 

By Lemma l3.3l and the construction we get that the movement of the markers satis- 
fies properties (i)-(v) of Section[2l Hence 0' <t B, which concludes the verification 
of the construction and the proof of Theorem 11.11 



4. Proof of Theorem 11.21 

Let A, D be two computably enumerable sets which are not if -trivial. For the 
proof of Theorem 11.21 it suffices to construct a computably enumerable set B such 
that B <k A, B <k D and B =x 0' ■ This follows from the downward density of 
the c.e. if -degrees as discussed in Section [3] The coding of 0' into B will be done 
via the markers (rrij) and the relations B <k A, B <k D will be achieved with the 
construction of two prefix- free machines M a ,Md respectively such that 

(4.1) K Ma (B \ n ) < K(A \ n ) and K Md {B \ n ) < K(D \ n ) for all n. 

4.1. Merging two constructions. The basic plan of the construction of M a , Md 
is to merge a construction for M a of the type that was given in Section [3] with 
a construction for Md of the same type. Note that we will have a single set of 
markers mi but their movement will be stimulated by both requirements in (|4.1|) . 
We will use the same set of constants Cj for both A and D, since their values only 
depend on the movement of the markers on B. However for each i we have N?,N? 
instead of A/j. Moreover at each stage s we let tf[s] be the least number x such that 
KNf{A \x)[s\ > K(x)[s] + a[s] and we let tf[s] be the least number y such that 
K N d(D \ y )[s] > K(y)[s] + Ci[s]. For each i £ N we set c,[0] = i + 4. The universal 
machine U and the notion of injury of a marker remains the same. In particular, if 
at some stage s marker m k moves while mj, j < k remain constant this causes m„ 
i > k to be injured. This means that m.;, i > k become undefined and the values 
of Cj , i > k increase by 1 . 
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At each stage s + 1 the machines Nf,Nf will be adjusted according to changes 
of K(n) for n < U[s]. This is done by running the following subroutine. 



The thresholds qf[s], qf[s] are set to 2- K ^ s ^ c ^ s \ 2" K ^^- C ^ respectively 
and play a similar role as qi [s] in the argument of Section |3l However since the 
complexities K(A f ra ), K(D \ n ) may differ for various n, the definition of a marker 
requiring attention will be modified, as we elaborate in Section l4~2l 

4.2. Lack of uniformity and solution. The main issue that we have to deal with 
when we merge two constructions of the type used in Section [3] which depend on 
different c.e. sets A, D is that the thresholds qf , qf that correspond to some marker 
rrii may have different values. Hence the marker may be motivated to move by M a 
but not by Mi,. This lack of uniformity has an impact in the calculations of the 
weight of the machines N? , Nf which affects a verification on the lines of Section 



The solution is to use the additional parameters pf,pf which record a value 
of qf and qf respectively which motivates marker rrii to move at some stage. In 
particular, at some stage s + 1 we may have Em-ij]<j<j2 — Qii s ] but 

this may not hold for D in place of A and qf [s] in place of qf [s] . This means that 
at this stage M a requires the movement of rrii but Md does not. At such a stage 
we will move rrii for the sake of M a , also enumerating an Af-description of tf[s] 
of length K(tf)[s] + c,*[s]. However an enumeration of an N- "-description of tf[s] 
of length K(tf)[s] + Ci[s] is not justified and will not take place. Instead, we will 
store the value of qf[s] into pf[s + 1]. Since qf[s] is an upper bound to the Md 
descriptions we need to pay due to the movement of rrii at stage s + 1, at the next 
stage the threshold in condition for the movement of rrii for the sake of D will be 
qf [s + 1] — pf [s + 1]. As long as mi moves for the sake of M a the value of pf will keep 
on increasing, recording upper bounds to the Md descriptions that we need to pay 
due to the M Q -motivated movements of m t . When rrii moves for the sake of Md, 
the value of pf will drop to and the enumeration into Nf will be justified. The 
same holds symmetrically for A with qf and pf. With this amendment a combined 
construction can be verified along the lines of the argument of Section 13.21 

According to the above motivation, we say that the marker rrii requires attention 
at stage s + 1 if rrii[s] is defined, rrii[s] ^ A[s] and one of the following occurs: 



The definition of a large is as in the argument of Section [3] 

4.3. Construction of B,M a ,M d ,N?,Nf. At stage place m on 0. At stage 
s + 1 run (|4.2p . If none of the currently defined markers requires attention, let k be 
the largest number such that [s] 4_, let n a be the least number that is less than 
s such that KM d (B \n a )[s] > K(A [„ a )[s], let n d be the least number that is less 
than s such that KM d {B \n d )[s\ > K(D \, ld )[s] and 



(4.2) 



For each i < s, if K(n)[s + 1] < -K"(n)[s] for some n < tf[s] 
or n < tf[s] then enumerate an Af-description of A[s] \ n of 
length K{n)[s + 1] + Cj[s] or an A^-description of D[s] \ n 
of length K(n)[s + 1] + Ci[s] respectively. 




2-xW,)M > 5 «[ s ] -pf[ s }- 

2 -K{D\ 3 )[s\ > qf[s}-pf[ S ]; 
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• place rrik+i on the least large number; 

• enumerate an M a -description of B[s] \ Ua of length K(A \n a )[s] and an 
Mrf-description of B[s] \ nd of length K (D \n d )[s]- 

Otherwise let n be the least number such that m n requires attention, put m n [s] 
into B, let m n [s + 1] be a large number and for each k < s with k > m n [s] 

• if KM a (B \k)[s] < K(A \k)[s] enumerate an M a description of B[s + 1] \k 
of length K(A \ k )[s]. 

• if Ku d {B \k)[s] < K{D \k)[s] enumerate an M^-description of B[s + 1] \k 
of length K(D \ k )\s\. 

Moreover declare rrii[s + 1], i > n undefined and set Cj[s + 1] = Cj[s] + l,Pj[s + 1] = 
Pj[s + 1] = for each j > n. If both (b), (c) hold, enumerate an Af -description 
of A \tf [s] of length K(tf)[s], enumerate an TV^-description of D \ t d [s] of length 
K(tf)[s] and set pf[s + 1] = pf[s + 1] = 0. Otherwise, if (b) holds enumerate an 
N? -description of A \ t? [s] of length K(tf)[s], set pf[s + 1] = and pf[s + 1] = 
pf[s + 1] + qf[s]. Otherwise, if (a) holds enumerate an ^-description of A \ t d [s] 
of length K(tf)[s], set pf [s + 1] = and pf[s + 1] = pf[s + 1] + [a]. 



4.4. Verification. As in the verification of Section [3] we have (|4.3|) . 

(4.3) For all i, s, if mj[s] is defined then tf[s] < m,[s] and if [s] < mj[s]- 

Moreover the justification of (|3.4[) also applies to (|4.4D . 

If r tf [.]= ^[s + 1] rtj[.] then tf[s] < tf[s + 1]. 
l4 ' 4j If £>[*] r t?w = I>[a + 1] ttf H then tf [ a ] < [s + 1]. 

The same holds for the analogue (|4.5p of i 



At any stage s the weight of the A^-descriptions that describe 
(4.5) initial segments of A[s] and the weight of the ^-descriptions 
that describe initial segments of D[s] are both less than 2~ Ci [ s l. 

For each i there are machines , Nf as prescribed in the construction. The proof 
of this fact is slightly more involved than the corresponding fact in the argument 
of Section [3] due to the amendment that was discussed in Section [ 



Lemma 4.1. For each i the weights of the requests in JV° and Nf are bounded. 

Proof. The weight of the requests that are enumerated in Af by subroutine (|4.2|) 
at the beginning of each stage is bounded by the weight of the domain of U, which 
is at most 2 -2 . The same applies to Nf. 

Let (sj) be the sequence of stages where rrii moves, inside an interval J of stages 
s where is not injured and i 0'[s]. Moreover let Ij = (mi[sj],mi[sj+\]} be the 
interval that marker rrn crosses when it moves at stage Sj . For each j let 

a, = 2- K ^")U and d j = ]T 2"^ D WW. 

Since i ®'[sj] for all j, each time marker moves during these stages, it requires 
attention by (b) or (c). Hence for each j exactly one of the following holds: 

• a request of weight at most dj — pf[sj — 1] is enumerated in Nf; 

• p c { increases by at most dj. 
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Consequently, if Sj < Sj 1 < • • • are the stages in J where Nf enumerations occur, 
the weight of the enumeration at stage Sj n is at most Y]j 1 <k<j dk + Oj„. If 
we let yj = maxjaj, dj} then this bound becomes 53j„-i<k<j,> Uk- If we iterate 
this argument for each maximal interval J of stages s where nii is not injured and 
i (jL 0'[s] the corresponding intervals Ij will be disjoint, because each time m, is 
injured it is redefined to be a large number. Moreover the possible enumeration of 
i into 0'[s] does not cause any enumeration into Nf , it happens at most once and 
causes m, to reach a limit. If we let w n to be the weight of the shortest [/-description 
of any string of length n, we have w n > 2^ K ^ n ^ and w n > 2~ KlyD ^ n ^ for each 
stage s. Hence the total weight that is enumerated in Nf due to movements of m, 
during the construction is bounded by J2 n w « < ^ If we com bine this with the 
weight that is added by applications of (|4.2[) we get wgt(iV") < 2 _1 . The same 
argument applies to Nf symmetrically, giving wgt(Nf) < 2 _1 . □ 

As in the argument of Section [3l there is a many-one correspondence between 
the domain of M a and the domain of the universal machine U. We say that a 
[/-description is A-used if it corresponds to a string in the domain of M a . Moreover 
it is A-used n times if it corresponds to n different strings in the domain of M a . 
Let Sq be the domain of U and for each fc > let S% contain the descriptions in 
the domain of U which are A-used at least fc times. Note that Sf +1 C Sf for each 
i. According to the correspondence between the domains of U and M a , a string 
a in the domain of U that is A-used fc times incurs weight fc • 2~I <T to the domain 
of M a . Similar terminology and observations apply on D and M4. Hence we have 
6U). 

(4.6) wgt(M ) <£fc-wgt(S£) and wgt(M d ) < ^ fc ■ wgt(^). 

fc k 

A [/-description is called A- active at stage s if U(a)[s] C A[s]. By the construction, 
only currently A-active strings may move from 5^ to S% +1 and only currently In- 
active strings may move from to S^ +1 at any given stage. 

The sets S% and S% may be visualized as the containers of two independent 
decanter models that are identical to the one illustrated in Figure [TJ If at some 
stage a marker rrij moves (while ntj , j < i remain stable) some strings move from 
S% to S% +1 and from S% to S^ +1 for various fc e N. In this case we say that these 
strings where A-reused and D-reused respectively by mi. 

The justification of the following is slightly more complex than the analogous 
(|3.7p of Section [3] due to the amendment that was discussed in Section 14.21 

If during the interval of stages [s,r] a marker m„ is not injured and 

(4.7) n $ 0'[r] then the weight of the strings that are A-reused by m n during 
this interval which remain active at stage r is at most 2~ C "M +p°[r]. 

We follow the proof of (|3.7[) . where parameters q n ,ti are replaced with q®,tf and 
facts (|3~5|) . d33l, (|53)1 are replaced by (pL"3"]h respectively. This argu- 

ment applies only on the stages where the movement of rrij is accompanied by an 
enumeration into N" 1 . For the rest of the stages the increase of covers the in- 
crease in the weight of the strings that are A-reused. At the stages fc + 1 where iVf 
enumerations occur, p®[k + 1] becomes but the bound 2 -c ™t fe l is reinstated since 
the weight of the iVf enumeration is at least p^[k] plus the weight of the strings 
that are A-reused at fc+ 1. This gives the bound 2~ c '*[ r l +p^[r] during the interval. 
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The same argument applies symmetrically to the strings that are -D-used, pro- 
viding the bound 2 _c "[ s l +p^[s]. 

If during the interval of stages [s,r] a marker m n is not injured 
(4.8) then the weight of the strings that are -D-reused by m n during this 
interval which remain active at stage r is at most 2~ Cn ^ + pf^s]. 

Note that p£[s] < g^[s] for each n and all stages s. This follows from clause 
(b) in Section 14.21 and the fact that whenever m n moves due to this clause (or is 
injured) parameter takes value 0. On the other hand by the definition of g° we 
have <?^[s] < 2~ Cn ^ s \ so pf^s] < 2~ C "M. Hence the bound in (|4.7p can be replaced 
with 2~ C "M +1 . A similar argument applies to p^[s]. The proof of Lemma T4. 2 1 uses 
this observation in an adaptation of the proof of the analogous Lemma 13.21 

Lemma 4.2. The weight of the requests that are enumerated in M a is finite; the 
same holds for Md- 

Proof. We give the proof for M a ; the proof for Md is entirely symmetric. Since 
only strings in the domain of U are ^4-used, wgt(5") < 2 -2 and wgt(5f) < 2~ 2 . 
Let k > 1. Every entry of a string into SX+i * s due ^° a marker m x which A- 
reused it when it was already in S%. Since k > 1, this string entered S£ due to 
another marker m y with y > x > 0. Inductively, that string entered Sf due to a 
marker m z with z > k — 1. Fix z, let S£(z) contain the strings in that entered 
Si due to marker z and let (s^) be the increasing sequence of stages where m z is 
injured. Since the movement of a marker m, injures all rrij,j > i, the only stages 
where strings move from S%(z) to S% +1 are the (si). Moreover since only A-active 
strings move from S%(z) to S% +1 at stage Si, according to (|4.7p their weight is 
bounded by 2~ c ^ Si ~^ + p z [si — 1]. Since p z [s] < 2~ Cz M the latter is bounded by 
2-c a [s i -i]+i_ g Q we jg n t f the strings that enter , 1 from S%(z) is bounded 
by £V 2- c -[^- 1 l+ 1 . Since c z [s J+1 - 1] = c z [sj] < c z [sj - 1] for all j, this weight 
is bounded by £\ 2- c -^- j+1 = 2- c -[°l+ 2 . Since c z [0] = z + 4 this bound becomes 
2~ 2 ~ 2 . Since S% = U z >kS^(z), the total weight of the strings that enter S% +1 from 
S% is bounded by J2 z>k -i 2 ~ Z ~ 2 = 2 ~* '■ Therefore by gU) the weight of M a is 
finite. □ 

By Lemma 14.21 the machines M a , Md prescribed in the construction exist and (|4.1[) 
is met. We conclude with a proof that 0' <t B. This is based on an argument 
that the markers rrii converge, and is slightly more involved than the proof of the 
analogous Lemma 13.31 since in the combined construction the markers move for the 
sake of both M a and Md- 

Lemma 4.3. Each marker rrii is injured only finitely many times and it reaches a 
limit. 

Proof. Assume that this holds for all i < k. Then mk stops being injured after 
some stage sq. Hence Ck[s] reaches a limit Ck at sq. If k G 0' the marker rrik will 
stop requiring attention as well as moving after sq and after this enumeration has 
taken place. So assume that k 0'. Since A is not if-trivial there is some least n a 
such that Kw k (A f„ a ) > K(n a ) +Ck- If s\ > so is a stage where the approximations 
to A |„ and K(i), i < n have settled then the approximations to ti, q% also reach 
a limit by this stage. The limit of f? is n a . The same observations apply to D 
and show that there is some stage S2 > Si by which the parameters if, gj? reach 
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a limit. Let rid be the limit of tt. If marker rrik moved after stage S2, this would 
be either due to clause (b) or due to clause (c) of Section 14.21 In the first case the 
construction would enumerate an iV^ -description of A \ na of length K(n a ) + c^jso] 
and in the second case an iV^ -description of D \ nd of length K{n^) +Ck [sq] . The first 
action would contradict the choice of n a and the second action would contradict the 
choice of rid- Hence nik reaches a limit by stage S2 and this concludes the induction 
step. □ 



By Lemma l4.3l and the construction we get that the movement of the markers satis- 
fies properties (i)-(v) of Section [2j Hence 0' <t B, which concludes the verification 
of the construction and the proof of Theorem 11.21 
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